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ABSTRACT
In this paper an optoelectronic oscillator (OEO) is
analized with two different approaches. The two
approaches lead to two models which allow prediction
of the oscillator phase noise on the basis of the noise of
its components. The first method, called Leeson’s
method, applies control system theory to an oscillator
described by functional blocks. The second, called Van
der Pol’s method, uses the time domain equation of the
oscillator, which is linearized about a equilibrium
under the assumption af slow variations of the state
variables.
In both cases the predicted noise is compared with
the measured noise of a real OEO.

1. INTRODUCTION

The two models derived in this paper allow the
analysis of the various noise contributions in the new
generation of microwave oscillators called opto-
electronic oscillators (OEQ) [2], [3].

In 1966 Leeson presented a simple linear model
which can be used to predict the effect of amplifier
phase noise on oscillator phase noise.[1] This model is
based on heuristic considerations of the basic oscillator
scheme: a frequency selective element and an amplifier
in a closed loop configuration.

The application of control system theory in the
frequency domain allows us to derive results that
contain those stated by Leeson. Furthermore in this
case the number of elements is not limited to an
amplifier and a resonator, and the system structure can
be more complicated.

The OEO has also been analyzed using a different
approach, with the application of the Van der Pol
method, which linearizes the time domain equations of
the oscillator with the hypothesis of slow variations of
signal’s phase and amplitude about the oscillation
condition.

Both models are linear. Otherwise, it would be
impossible to describe the system through the transfer
function of its functional block (Leeson’s method), and
it would also be impossible to perform the Fourier
transform of the time domain equations (Van der Pol’s
method).

Therefore these two models are useful to analyze the
noise processes associated with the oscillation signal
without investigating the non linear dynamics involved
in the oscillator.
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Noise prediction from both models are compared
with the experimental results obtained at NIST on an
OEO operating at 10.6 GHz [3].

2. THE NOISELESS OPTOELECTRONIC
OSCILLATOR

A key element in all OEOs is the optical fiber that
provides the long delay which will determine the
oscillation frequency. A second selective element
chooses among the large number of possible oscillator
modes created by the fiber. The oscillator also contains
a laser, a detector, and an electro-optic amplitude
modulator (EOM).

After optical detection, the RF signal is amplified
and fed back to the modulator, thus closing the loop.
The basic scheme is shown in Fig. 1.

In our case the EOM is a Mach-Zehnder type
modulator, which has a cosine-shaped transmittance
versus drive voltage

P.()=P, Y[Haco{n ‘—'@—*%—“—’l)]] )
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where P, and P, are the optical power incident on
the modulator and detected at the end of the fiber. The
modulator’s parameters are 7y, a factor related to the
insertion loss; €, a factor related to the extinction ratio;
and V_, the voltage that is required to move from a
maximum to a minimum of the optical power
transmittance. The bias point of the modulator is
chosen to be one half of V.
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Figure 1. Basic scheme of an opto-electronic
oscillator.

We assume that the signal around the loop will have
the form
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where wy=27v, is the oscillator angular frequency.
After expansion of the cosine in Eq. (1), Eq. (1) can
be written as
Pml (t) =

Phy[l =283 Ty (2)oc0s((2n + Dedg(t - r,))]. @
n=0
Harmonic distortion in the EOM is neglected
because the filter in Fig. 1 selects only the fundamental
frequency. In general this element is a bandpass filter;
in our case is a microwave resonant cavity with a
Lorentzian transfer function
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where Q, is the loaded quality factor and oy is the
resonance frequency of the cavity. The exponential

approximation in Eq. (4) is valid when
5)
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that is, the cavity needs to be close to resonance at the

oscillator frequency. The bandwidths of all the

remaining elements in the oscillator, such as

amplifiers, the detector, and the modulator, are

considered to be wide enough that they will not affect

the dynamics of the system. In particular the
amplifiers’ transfer functions will be

A(@=A,e ™ and A, (@) =A,e’*. (6)
The detected signal is simply pP,,(f), wherep is
the detector responsivity. If we follow the rest of the

signal path from the detector back to the modulator, we
obtain

Cau (1) = AgHoAgp Py (1 = Tae)s
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which, using Eqs.(2) and (3), can be written as
Vocos(wgt) = —2A,0HyA o pey J, ({,"f)cos(coo(t -7)), ®

with T=T,+Tr-

It is now possible to write the oscillation condition
as

Vo=245H,ApYF, SJI(%?,E)’
_ 9
WoT, +(P, +@,)+20, Do~ D ®

=Q2K+Dr.
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In absence of the resonator, the oscillation
frequency is determined by the fiber alone:
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The fiber has a free spectral range of 1/74. The effective
oscillation frequency oy depends on both cavity and
fiber and its expression can be derived from Eq. (9):
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The detuning between the effective oscillation
frequency and that determined by the fiber depends on
both the initial detuning between the two selective
elements and the two parameters Q, and1,:

20,
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These are the working conditions for an oscillator
with noiseless components; the derivation of the
transfer functions for the noise spectra in the oscillator
differs in the two approaches that will be addressed as
the Leeson’s method (application of control system
theory) and the Van der Pol’s method (time domain
analysis).

3. LEESON’S METHOD

3.1 The noise transfer functions (NTF)
This method applies, in the frequency domain,

control system theory to the transfer functions of the
elements which describe the oscillator.

In particular, we represent the ensemble of the
laser, the EOM, the fiber, and the detector as a whole
“black box”, called optical link. This optical link has
e, (1) as input signal and the detected e, () as output
signal. Recalling Eq. (3), we write the transfer function
of the optical link in the frequency domain as

Ey (@) _
E, (o)
The system described by the “black boxes” defined

above is shown in Fig. 2, with all the transfer functions
involved.
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Figure 2. Block scheme of the optoelectronic
oscillator.

To investigate the noise in the system, we make two
assumptions. First, using the vectorial representation of
a noisy signal shown in Fig. 3, we consider separately



the amplitude and phase contribution of the noise
component of the signal, and therefore

S, e (A 2(%(72_)) ,
0
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where both thepower spectral densities of amplitude (o)
and phase (@) are represented. Second, it is possible to
represent the noise of a device as an input equivalent

noise which is transferred to the output by a noiseless
transfer function.
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Figure 3. Vectorial representation of a noisy
signal.

As a consequence of these two assumptions, the
block diagram of the system with noise sources appears
as shown in Fig. 4.
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Figure 4. Block diagram of the noisy OEO.
These noise spectra can represent phase noise or
amplitude noise as shown in Eq. (15),
V- AD(0-0,) (PM),
N ()= (15)
AV(o-w,) (AM),
where i=1,H, 2, L, and V, is the signal at the

respective summing junction.
The complete set of transfer functions for all noise
contributions deduced from Fig. 4 is
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If we substitute the explicit expression for phase
noise or amplitude noise shown in Eq. (15), the transfer
functions for all the noise contributions and for both
kind of noise spectra appear to be the same and can be
expressed as

1
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Because the analysis takes place around the
oscillation frequency, we can write

0=0,+Q, (18)
where Q/2n=f is the frequency offset from the carrier

(Fourier frequency). Through application of Eq. (9),
(10) and (12), we obtain
1
) = 1=

with p<n)=n[¢d+ﬁ)+ 19
Wg
WRT (0= W) =20, (0 ~0)
wp(@pT, +20;)
and therefore the transfer function of the power spectral
densities appears as
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If there is no detuning between the oscillation
frequency set by the fiber and the resonance frequency
of the cavity, the Eq. (19) is simplified, and we can add
some consideration. In fact if the Fourier frequency is
small enough, the noise transfer function can be
approximated by

1 2
NTF(Q)® = = J ,
| | FAQ) Qo+ 20,
21
1 o
with Q<<— and Q<<—2.
Tq 20,

This is a simple result, identical to that found by
Leeson in his paper.



3.2 Prediction on the experimental device.
In order to apply this model and calculate the total

expected noise spectrum of an OEO, we have to know
the equivalent input noise of all components in the
system. It is also possible simply to calculate the effect
of a single component on the spectral quality of the
signal produced by the oscillator.

In our case the phase noise of the amphﬁers is
known from direct measurement [3}, and its effect
calculated using this model, is given by

S = 24)

oo o

and is compared with the measured oscillator phase
noise [3] in Fig. 5.
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Figure 5. PSD of the measured oscillator noise
and  predicted amplifier phase noise
contribution according .to the model achieved
with the Leeson’s method.

The discrepancy between the two curves for Fourier
frequencies below 100 Hz is due to the presence of
excess noise on the oscillator signal, caused mainly by
environmental factors like thermal fluctuation and
vibrations.

4. VAN DER POL’S METHOD

4.1 The time domain analysis

This analysis is done mainly in the time domain
and is based on the assumption that the oscillator signal
can be written as

€ (1) = V(t)cos{@yt + (1)),

with both amplitude and phase varying slowly in time.
The starting point is the oscillation condition expressed
by Eq. (8) and rewritten as

(22)

V(e +71)cos(wyt + @yt + @t + 1))

7, (522 )eos(w,t +9(2)),

=-2GP, Y
(23)
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where

G=AHAp,

2 o0 Qo=%r
T=1,+ o +20, o, (24)
o=0+9¢,.

Under the assumption of slow variations, we can
write
Vi+1 =V +V ()t +V ()7,
PU+T) = Q1) + O(N) T+ H(N)T,
with T>>2n/w,.
Using Eqgs. (23) and (25), we can write the

differential equation which describes the amplitude and
phase fluctuations of the oscillation signal:

25)

(V +Vr +17t2)cos(co0t +OT+HQ+PTH an) _

26

-2GP,evJ, ( )cos(a)ot +9), @0

where are V(t) and ¢(t) the independent variables.

The stationary condition is represented by the

derivatives of the state variables equal to 0. Under these

assumptions, we recover the oscillation condition
already calculated in Eq. (9):

Vo =2G, R, ve J,(3),
0,7, =(2K+D)n

The parameters of the system which affect its
equilibrium are: the loop gain G, the optical power P;,,
the fiber delay t,, the phase delay introduced by the
amplifiers ¢, and the resonance frequency of the cavity
Wp.

If Eq. (26) is linearized around the stationary
condition with respect to both the independent variables
and the parameters, it is possible to calculate its Fourier
transform. The linearized equations appears as

@n

with To =T®,).

’ V,n Jo(vv_)
L 2 [V -1, V() -T2 -8V ()

%)

{ G -SG(t)+P ‘8P, (1)=0, (28)
(]
1:0-8<‘p(t)+'t§-8q>(t)+m°-8¢d(t)+5¢(t)
“ZQL 5‘9 @) =0,

where the Greek letter & indicates difference with
respect to the equilibrium value.
The application of the Fourier transform produces
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A direct consequence is the relationship between all
noise power spectral densities involved in the system.
In particular, the phase noise of the oscillator, is

5,() =
Do,
Qg

©O0Tg - Speyps, () +5,(Q)-20, Saopfa, () (30)

Q*2(Q4E +1)

Recalling Eq. (24), which contains the explicit form
of 1, we can calculate its value at equilibrium and find
the part of Eq. (30) relative to the amplifier phase noise
(that is, S4(€2)) which matches the results obtained with
Leeson’s method.

4.2 Prediction on the experimental device
As with previous method, we can use the results

produced by this model to predict the effect of amplifier
phase noise on the oscillator noise.
The transfer function that we are interested in is

e s, @ .
we QMA(QME+]) QT » GD

Sy(@)

where S,(Q)]_ bas been measured [3]. The measured

noise of the OEO and the predicted amplifier noise
contribution to it are compared in Fig. 6.
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Figure 6. PSD of the measured oscillator noise
and  predicted amplifier phase noise
contribution according to the model achieved
with the Van der Pol’s method.
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The discrepancy between the two curves in the
lowest frequency part of the spectrum is due to the
presence of excess noise mainly caused by
environmental factors as thermal variation and
vibrations.

5. CONCLUSIONS

The two model described in this paper have
different characteristics. The first model, calculated
with control system theory (Leeson’s method), is
applicable when it is possible to describe the system in
terms of black boxes whose associated noise is
measurable without knowing the details of their
operation.

The model calculated with Van der Pol's method
permits us to identify the single contribution to the
noise due to the fiber length variations or the cavity
resonant frequency fluctuations. On the other hand, it is
clearly less flexible and in fact requires the ability to
write the system equations in the time domain and to
verify all the assumption leading to the final

expressions.
Although the two models presented belong to
different analyses, their agreement with the

experimental data and between them is good, as shown
in Fig. 5 and Fig. 6.
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